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Abstract
The possibility of extending to generalized hypergeometric functions a sum rule for con%uent hypergeometric
functions found by Temme is considered.
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Two decades ago, Temme [3] gave a procedure, based on a Miller algorithm, to compute
the con%uent hypergeometric function U (a; b; z). As normalization condition, the procedure used
the relation
∞∑
k=0
(−1)k
(
b− a− 1
k
)
(a)kU (a+ k; b; z) = z−a; (1)
proved by direct substitution in (1) of the integral representation
U (a; b; z) =
1
(a)
∫ ∞
0
e−zt ta−1(1 + t)b−a−1 dt: (2)
The procedure was incorporated by Thompson and Barnett [4,5] in codes for computation of Coulomb
and Bessel functions. Relation (1), referred by Thompson and Barnett as Temme’s sum rule, was
written by those authors in the form
∞∑
k=0
Ck 2F0(a+ k; c + k; ; u) = 1; (3)
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with the obvious identi?cation
u ≡ −1=z; c ≡ 1 + a− b; (4)
and coe@cients Ck obeying the recurrence relation
C0 = 1; Ck+1 =−(a+ k)(c + k)uCk=(k + 1): (5)
This can be easily solved to obtain
Ck =
(−u)k
k!
(a)k(c)k (6)
and, substituting in (3),
∞∑
k=0
(−u)k
k!
(a)k(c)k 2F0(a+ k; c + k; ; u) = 1: (7)
Bearing in mind the well-known property
dk
duk 2
F0(a; c; ; u) = (a)k(c)k 2F0(a+ k; c + k; ; u); (8)
the sum rule (7) can be written as
∞∑
k=0
(−u)k
k!
dk
duk 2
F0(a; c; ; u) = 2F0(a; c; ; 0); (9)
where one immediately recognizes the Taylor’s expansion.
Since the derivatives of the generalized hypergeometric functions obey a relation similar to (8),
a Temme’s sum rule, generalization of (7), can be written immediately. It would read
∞∑
k=0
(−u)k
k!
(a1)k : : : (ap)k
(c1)k : : : (cq)k
pFq
(
a1 + k; : : : ; ap + k
c1 + k; : : : ; cq + k
∣∣∣∣∣ u
)
= 1: (10)
Of course, it should be understood in a formal sense if the pFq(· · · |u) series is not convergent or
if the radius of convergence of its Taylor expansion is smaller than |u|. The convergence of the
generalized hypergeometric series is discussed in the book by Luke [1, Vol. I, Section 3.3]. For
p6 q, every series pFq and the series of them on the left-hand side of (10) converge for all ?nite
u. The same occurs in the case p= q+1 if |u|¡ 1. For p= q+1 and |u|=1 a careful analysis, as
in Ref. [1], is needed. For the rest of the cases, i.e., for p= q+1, |u|¿ 1 or p¿q+1, u = 0, the
series pFq are purely formal. However, even in this case, the sum rule (10) may be useful: it may
represent a relation among asymptotic expansions of certain functions obeying a similar relation. For
instance, in the case p = 2, q = 0, the series 2F0 do not converge for u = 0, but Eq. (10) may be
seen as the translation into asymptotic expansions of relation (1), which is a rigorous one.
The sum rule (10) may seem rather trivial. Nevertheless, it may become interesting when written
in terms of certain functions, as those used in Physics and Engineering, having, themselves or their
asymptotic expansions, a hypergeometric nature. Many examples could be mentioned. For instance,
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in the case p= 0, q= 1, (10) gives
∞∑
k=0
(z=2)k
k!
J+k(z) =
(z=2)
(+ 1)
; (11)
an already known series of the Neumann type. Also, for p=1, q=1, one obtains for the Whittaker
functions
∞∑
n=0
(−1)n
n!
zn=2
( + 12 − )n
(2 + 1)n
M−n=2; +n=2(z) = z+1=2 e−z=2; (12)
which can be used as normalization condition for the recurrence relation [2, Eq. (2.5.3)]
 + 12 − 
2 + 1
M−1=2; +1=2(z) +
2 − z√
z
M;(z)− 2M+1=2; −1=2(z) = 0: (13)
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